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Abstract: An analysis of geometric defects in plate assembly under linear-elastic conditions is investigated. A hybrid FEM–PINN 
(MDR) model is proposed, combining the finite element method, the analytical dimensionality reduction method, and physics-informed 

neural networks.  This approach enables the coupling of physics-based modeling with data-driven learning. PINNs explicitly 
incorporate governing physical laws, including constitutive relations and contact conditions, into the training process using the 

dimensionality reduction method solutions, thereby ensuring the physical consistency of the predicted responses. This integration 
provides a trade-off between high-fidelity numerical modeling and reduced computational complexity. Additionally, the use of machine 

learning enhances computational efficiency while maintaining robustness, accuracy, and reliability in analyzing mechanical assemblies. 
The methodology is validated through a case study of a simple linear-elastic component assembly, and the results are given and 

discussed to demonstrate its effectiveness. 
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1. Introduction 

In industry, controlling assembly variation is 

essential for improving production processes [1]. 

Assemblies are generally classified into two categories: 

rigid assemblies, which assume infinitely rigid 

components, and flexible assemblies, such as those 

involving thin plates, which present greater complexity 

[2,3]. For the latter, simultaneously accounting for part 

flexibility and geometric defects is essential, as these 

factors directly affect structural behavior, simulation 

accuracy and reliability of the assembly [4,5]. When 

two components are joined, the contact problem needs 

to be considered.  

1.1 Contact between two elastic parts 

In the assembly of mechanical parts, it is essential to 

analyze the functional contact surfaces to ensure proper 

mechanical performance and structural behavior of the 

overall assembly. In literature, numerous models and 
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formulations have been developed to address contact 

problems, where nonlinearities such as friction are 

incorporated in both static and dynamic cases. 

Computational costs and convergence challenges can 

motivate alternative or hybrid modeling strategies. 

Fig.1 illustrates the contact between two deformable 

bodies 𝑆௜  (i = 1,2), initially occupying the domains  

Fig.1 Schematic of objects in contact 

𝛺௜   oriented by their normal 𝑛௜   and, in their 

deformed configuration, the domains 𝛺௧
௜  [6,7].  
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For a point 𝑥 ∈  𝛺௜  is associated a point 𝑦 =

𝑌(𝑥, 𝑡)  in new contact through a transformation 𝑇 

defined by (1): 

𝑇 = 𝛻௫𝑌(𝑥, 𝑡)              (1) 

In this paper, for the sake of simplicity, the analysis 

is restricted to static conditions, with emphasis on 

linear elastic problems under frictionless normal 

contact. The contact problem is treated using a semi-

numerical model based on dimensionality reduction, in 

which micro-defects are incorporated. 

1.2 General Concept of the MDR Method 

The Method of Dimensionality Reduction (MDR), 

introduced by Popov [8,9], simplifies 3D contact 

problems by mapping them onto equivalent 1D spring 

systems. Assuming linear elasticity and homogeneous 

materials, MDR provides exact, and validated solutions 

for a variety of geometries, particularly for frictionless 

axisymmetric normal contact. Thus, significantly 

reducing computational complexity. Fig.2 illustrates an 

equivalent 1D of the 3D contact problem under linear 

elastic assumptions. 

Thus, the contact problem can be equivalent to the 

contact of a rigid indenter with a 3D profile F(r), where 

r is the polar radius in the contact plane.  

The stiffness of each spring is defined by (2): 

∆𝑘௭ = 𝐸∗∆𝑥     (2) 

The contribution of a single 𝑥 coordinate spring to 

the normal force is then defined by (3): 

F(r) =
ଶ

గ
 ∫ G(x)

ௗ௫

ඥ(௥మି ௫మ)
 

௥

଴
   (3) 

Where G(x) is 1D profile.  

The boundaries conditions are written as in (4): 

൜    
𝑤(𝑟) =  𝑑 −  𝐹(𝑟), 𝑟 ≤  𝑎

𝜎௭௭(𝑟) =  0, 𝑟 >  𝑎
       (4) 

where 𝑎 is the contact radius. 

Indeed, the normal displacement 𝑤(𝑟)  can be 

defined for IN and Out contact area, nevertheless 

normal stress 𝜎௭௭(𝑟)  is equal to zero outside the 

contact zone [8]. 

 

Fig.2 Equivalent 1D problem of the 3D contact problem 
under the linear elastic axisymmetric case 

The remainder of this paper is organized as follows. 

Section 2 introduces the problem description and 

formulation of the PINN model. Section 3 presents the 

results and discussion, highlighting the effectiveness of 

the proposed approach. Finally, Section 4 provides the 

main conclusions and perspectives.  

2. Problem description and proposed model  

The problem consists of evaluating the assembly 

variation of two steel plates (𝐸ଵ =207000 MPa;𝜐ଵ =

0.3; 𝐸ଶ =220000MPa; 𝜐ଶ = 0.3 4); modeled as 

isotropic homogeneous materials, while incorporating 

micro-geometric defects represented by a cosine 

function with amplitude 𝐴 ∈ [−0.001,0.001]  [10]. 

Plate 2 is slightly more rigid than plate 1 since it 

represents the indenter in the MDR model. The plates 

with dimensions of 400 × 200 𝑚𝑚, are joined with 8 

mm diameter titanium bolts (03) (Fig.3a) and clamped 

at their ends. A vertical load of 67 N is first applied to 

allow bolts insertion, after which the bolts are locked to 

secure the assembly. To solve this problem, a hybrid 

FEM-PINN(MDR) framework is adopted under linear 

elastic and frictionless contact conditions as shown in 

Fig.4. Here, 𝑞௜
ெ஽ோ(𝑥) represents the pression 

distribution along the contact interface. 

Under the assumption of small deformations and 

considering defects at the microscale, the approach 

adopts a two-level analysis: a macro-scale FEM to 

capture global stiffness and displacements, and a 

micro-scale PINN–MDR to account for defect-

sensitive contact behavior. In each analysis different 
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meshes Ω௜
௛ ≡ Ω௜ଵ

௛ ∪ Ω௜ଶ
௛  are adopted (Fig.3b), where 

Γ௖ is the contact zone with dimensions 40x200 mm2.  

 

Fig.3 Flexible assembly: a) simplified plate assembly process; b) mesh of subdomains (macro and micro levels) 

Fig.4 Flowchart of the FEM-PINN(MDR) model 

The amplitude 𝐴 directly determines the intensity of 

the geometric variation associated with the micro-

defect along the normal direction to the nominal 

surface. It therefore governs the magnitude of the  
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Fig.5 Simulation of assembly variation showing the global 

normal displacement along Z-axis 

normal displacements 𝑢௭
௠௜௖௥௢ , which represents the 

local deviation from the reference geometry. 

In practice, typical surface conditions specified 

according to ISO 21920 exhibit arithmetic mean 

roughness values generally ranging from 𝑅௔ =

0.8ௗ𝜇𝑚 to 𝑅௔ = 3.2ௗ𝜇𝑚 , particularly for steel plate 

surfaces. In this context, an amplitude on the order of 

𝐴 ≈ 5ௗ𝜇𝑚 can be considered to represent a relatively 

rough surface condition, while remaining consistent 

with standardized industrial specifications. 

For sake of simplicity, some assumptions are 

introduced in this work, and the problem is simplified 

under the small-deformation assumption, frictionless 

normal contact, where the dimensionality reduction 

method (MDR) 1D is applied. The main objective is to 

employ physics-informed neural networks (PINNs), 

trained using the exact MDR solutions, as illustrated in 

Fig.4. The main steps of this approach, which involve 

a Macro–Micro analysis, are presented in the following 

section. 

2.1 FEM model 

For a flexible component, the geometric and 

mechanical states are related by (5): 

𝐹 = 𝕂 𝑢       (5) 

Where 𝐹  is the applied force vector, 𝑢  is the 

displacement vector, and 𝕂  is the stiffness matrix, 

dependent on material properties and geometry under  

small deformations. Elastic responses can be expressed 

either as forces for imposed displacements model or as  

 
Fig.6 Nodal displacement for the first 150 selected nodes 

displacements for imposed forces, accounting for 

bending effects. Fig.5 presents the assembly simulation 

using the FEM approach with a coarse mesh. 

In this work, the macro-FEM analysis provides stiff 

assembly as well as 𝑢௭
௠௔௖௥௢displacements, assuming 

perfect components without geometric defects as 

shown in Fig.5. The corresponding displacement 

results are illustrated in Fig.6, showing the response for 

the first 150 selected nodes. These results serve as input 

for the subsequent analysis using the MDR method.  

2.2 PINN (MDR) model 
 

PINNs are applied across various fields, including 

fluid, thermal, structural, and contact mechanics 

[11,12], and are increasingly regarded as a new class of 

numerical solvers for PDEs, aiming to approximate 

their solutions directly [13,14]. A PINN neural 

network, characterized by its parameters 𝜃  and the 

radial coordinates 𝑟 of the displacement, is defined by 

(6): 

𝑤ෝ = 𝒩௪(𝜃, 𝑟)    (6) 

When considering the normal displacement 

𝑤ெ஽ோ(𝑟, 𝑎)  over two zones: 

- For 𝑟 < 𝑎 inside the contact zone, 

- For 𝑟 > 𝑎 outside the contact zone, 

Thus, it is necessary to define two distinct neural 

networks, each one to reproduce the approximate 

solution on one of the two areas by (7) and (8): 

𝑤ෝ௜௡ = 𝒩௪
௜௡(𝜃, 𝑟)    (7) 

𝑤ෝ௢௨௧ = 𝒩௪
௢௨௧(𝜃, 𝑟)   (8) 
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Fig.7 Physics-informed neural network as an MDR clone 

by recalling the physical laws used for training PINNs 

based on the exact solutions of the MDR. 

For frictionless normal contact, these laws and 

constraints are formalized as follows: 

For global equilibrium, the normal force is written as 

in (9): 

𝐹ே =  2𝐸∗ ∫ [𝑑 − 𝐺(𝑥)] 𝑑𝑥
௔

଴
   (9) 

According to the Karush–Kuhn–Tucker (KKT) 

contact law, the contact conditions can be expressed as 

follows by (10): 

𝑔(𝑟) = (𝑑 − 𝐺ெ஽ோ(x)) − 𝑤(𝑟) ≤ 0  (10) 

And then the condition of non-penetration can be 

written by (11): 

ቐ

𝑔(𝑟) ≤ 0;
𝑝(𝑟) ≥ 0

𝑔(𝑟) 𝑝(𝑟) = 0
   (11) 

Then for r < a, g(r)=0; the two surfaces of the plate 

are in contact p(r)>0. On the contrary for r>a, g(r)<0; 

the two surfaces are separated; p(r)=0. 

The micro-displacements obtained from the MRD 

are superimposed onto the macro-displacements 

𝑢௭
௠௔௖௥௢(𝑥௜)  computed using FEM. This allows the 

evaluation of the total displacement as well as the final 

pressure distribution 𝑞௜
ெோ஽(𝑥) , in accordance with 

(12): 

𝑢௭
௧௢௧௔௟(𝑥௜) = 𝑢௭

௠௔௖௥௢(𝑥௜) +

𝑢௭
௠௜௖௥௢(𝑥௜),with 𝑢௭

௠௜௖௥௢(𝑥௜) = 𝑤(𝑥௜) − 𝑑௠௔௫   (12) 

As illustrated in Fig.7, the exact response of the MDR 

method will be used in PINN neural network. The 

training therefore consists of adjusting the network 

parameters to minimize this difference, ensuring that 

the model faithfully reproduces the deformation and 

contact behaviors obtained from the analytical method. 

The main loss functions defined in this work are 

formulated as follows: 

Data loss IN and Out of the contact zone are given by 

(13) and (14): 

𝓛௜௡
ௗ௔௧௔ =

ଵ

ே೔೙
∑ ([𝑝̂௜௡(𝑟௜) − 𝑝ெ஽ோ(𝑟௜)]ଶ +

ே೔೙
௝ୀଵ

𝛼௪[𝑤ෝ௜௡(𝑟௜) − 𝑤ெ஽ோ(𝑟௜)]ଶ)          (13) 

𝓛௢௨௧
ௗ௔௧௔ =

ଵ

ே೚ೠ೟
∑ ([𝑤ෝ௢௨௧(𝑟௜) − 𝑤ெ஽ோ(𝑟௜)]ଶ)ே೚ೠ೟

௝ୀଵ  (14) 

The integration of the neuron 𝑝̂௜௡ = 𝒩௣
௜௡(𝜃, 𝑟) aims to 

enhance the performance of the PINN. 

KKT (contact/non-contact) losses are given by 

(15) and (16): 
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𝓛௜௡
௄௄் =

ଵ

ே೔೙
∑ ൫𝑔௜௡(𝑟௜)ଶ + 𝛽௣ 𝑅𝑒𝐿𝑈 (−𝑝̂௜௡(𝑟௜))ଶ൯

ே೔೙
௝ୀଵ  

   (15) 

𝓛௢௨௧
௄௄் =

ଵ

ே೚ೠ೟
∑ ൫𝛽௚ 𝑅𝑒𝐿𝑈 (−𝑔ො௢௨௧(𝑟௜))ଶ൯

ே೚ೠ೟
௝ୀଵ   (16) 

Loss of balance is given by (17): 

𝓛௘௤௨௜௟௜௕௥௜௨௠
ி௢௥௖௘ = (𝐹෠ே − 𝐹ே

(ெ஽ோ)
)  (17) 

Loss at edge conditions is defined by (18): 

For 𝑟 = 𝑎ெ஽ோ ; 

𝓛஻஼௦
௘ௗ௚௘

= 𝛾௣𝑝̂௜௡(𝑎ெ஽ோ)ଶ + 𝛾௖(𝑤ෝ௜௡(𝑎ெ஽ோ) −

𝑤ෝ௢௨௧(𝑎ெ஽ோ))ଶ     (18) 

Total Loss is given by (19): 

𝓛்௢௧௔௟
௉ூேே = 𝓛௜௡

ௗ௔௧௔ + 𝓛௢௨௧
ௗ௔௧௔

ᇣᇧᇧᇧᇤᇧᇧᇧᇥ
ெ஽ோ ஼௟௢௡௘

+ 𝓛௜௡
௄௄்+𝓛௢௨௧

௄௄்
ᇣᇧᇧᇧᇤᇧᇧᇧᇥ

௣௛௬௦௜௖௦

+

𝓛஻஼௦
௘ௗ௚௘

ᇣᇤᇥ
஻௢௨௡ௗ௔௥௜௘௦ ௖௢௡ௗ௜௧௜௢௡௦

  (19) 

Where the parameters 𝛼௪; 𝛽௣; 𝛽௚; 𝛾௣ 𝑒𝑡 𝛾௖  are 

weights of regularization. 

3. Results and discussions 

  From a geometric variation standpoint, for a 

maximum deviation 𝑑௠௔௫ = 0.38ௗmm and a micro-

defect amplitude 𝐴 = 5ௗ𝜇m , the normal micro-

displacement induced by surface roughness is on the 

order of 𝑢௭
௠௜௖௥௢ ∼ 𝐴 = 5ௗ𝜇m . This contribution 

represents approximately 1.3% of the overall assembly 

deviation, and therefore remains very small. 

The physics-informed neural network (PINN) is able 

to accurately predict the solutions when compared to 

the MDR results. Fig.8 presents the PINN predictions 

(blue solid line) alongside the MDR (red dashed line) 

solutions and showing excellent agreement. The 

application of PINNs is particularly advantageous, as it 

enables the evaluation of micro-defects in a meshless 

framework while reducing computational cost and 

maintaining solution accuracy. This differs from 

classical approaches reported in literature and based 

solely on full 3D FEM simulations [2], which require 

mesh refinement and therefore result in a large number 

of elements and high computational cost. 

Fig.8 Result of PINN prediction (blue solid line) showing 
the displacement normilazed to the indentation d(a) 

The main advantages and potential limitations of the 

proposed FEM–PINN (MDR) model are summarized 

in Table1, highlighting its computational efficiency, 

capability to capture micro-defects associated with 

assumptions. 

Table 1 Advantages and limitations of the proposed FEM–

PINN (MDR) Model 

FEM-PINN 

(MDR) 

model 

Advantages Disadvantages 

- Complexity 

reduced (1D). 

-Calculation Time 

reduced compared 

to full 3D FEM 

simulations. 

- Enables efficient 

detection of micro-

defects through the 

coupling of FEM 

macro-analysis and 

PINN micro-

analysis. 

-Singularity can be 

presented in the 

solution.  

- Highly dependent 

on the adjustment of 

the neural network 

hyperparameters. 

 

The model also has some limitations. The accuracy 

of PINN is highly dependent on the selection and 

tuning of neural network hyperparameters, such as the 

number of layers, learning rate, and activation 

functions. Additionally, due to the reduced 
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dimensionality of the model, localized singularities 

may occur, resulting in slight deviations near contact 

edges. 

4. Conclusion 

In this work, a hybrid FEM–PINN (MDR) model is 

presented for predicting assembly variations while 

accounting for micro-geometric defects.  

The results demonstrate that the proposed approach 

accurately captures the influence of small-scale defects 

on the overall assembly behavior. By coupling physics-

based modeling with data-driven learning, the 

methodology achieves a balance between 

computational efficiency and solution fidelity. The 

study confirms the effectiveness of integrating 

reduced-dimensionality methods and physics-informed 

neural networks for mechanical assembly analysis, 

offering a robust and practical tool for improving the 

precision and reliability of engineering designs. 
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